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1.3.1Language of Sequences & Series

Language of Sequences & Series
What is a sequence?

= Asequenceisanordered setof numbers with arule for finding all of the numbersin the sequence
= Forexamplel,3,5,7,9,..isasequence with the rule ‘start at one and add two to each number’
= Thenumbersinasequence are often called terms
= Theterms of asequence are oftenreferred to by letters with a subscript
= [nIBthiswillbe theletteru
= Sointhesequenceabove,u;=1,u,=3,us=5andsoon
= Eachterminasequence can be found by substituting the term number into formula for the nth term

Whatis a series?

= Youget aseries by summingup the termsinasequence

= E.g.Forthesequencel, 3,5,7,..theassociated seriesis1+3+5+7 + ..
= We use the notation S, torefer to the sum of the first nterms in the series

m S, =Uj+U2+ U3+ .. +Up

n Sofortheseriesabove S5=1+3+5+7+9=25
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@ Worked example

Determine the first five terms and the value of S5 in the sequence with terms defined by u, =5 - 2n.

Un = S-2n

s
gir\& the Lterm Yo
wonk bb replacing
N wikih Wy volue,

T Lerm number

first AW =5 _2'(1) =3 )r:cosnise twe pokkern.

Lerm W, = 5_2[7_) = | 5’ 5
= - = =1
W3 5-2(3) )7 & W\ s
We = 5-2) = -3 Subtrock 2

LA.5 = 5_2.(5)=-5
‘Skork  with 3 ond suekcoct 2 fam each  numbec .

85= 2+ 1 -’r(-l) + (-3)+(-%5) =-5

the St.h}ﬂ'\ o
the Girst S teems
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Sigma Notation /

What is sigma notation? Your notes

= Sigma notationis used to show the sum of a certain number of termsin a sequence
= The symbolXisthe capital Greek letter sigma
= 3 standsfor‘sum’
= The expression to the right of the Z tells you what is being summed, and the limits above and below
tell you which terms you are summing

THESE LIMITS TELL YOU THAT
YOU ARE SUMMING (2r—1) USING

THE VALUES r=1,r=2,... UP TO r=5 ®
z{2r—4)=’l+3+5+7+9
=1

SUBSTITUTE r=1,r=2,r=3,r=4,r=5
INTO (2r—=1) TO FIND THE FIVE TERMS
THAT ARE BEING SUMMED

#Fsavemyexams

Be careful, the limits don’t have to start with 1

4 14
= Forexample Z (2k+ 1) or Z (2](— 13)
k=0 k=7
= randkare commonly used variables within sigma notation

O Examiner Tip

= Your GDC willbe able to use sigma notation, familiarise yourself with it and practice using it to
checkyourwork
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@ Worked example

Asequence can be defined by lln =2x30"ligrn€ 7%,

a) Writeanexpressionforu1 + u, + u, + ... + Uu_usingsigmanotation.

6

Un = 2x3%7", n € Z% +nis Besek
s 2z of o\l posttive
Lnke.se.rs

Wst na sigma  notokion

6
W, + Up ...+ Uy = ZU«;
k=1

é

Z(z 5 sk.-l)

k=l

b) Writeanexpressionforl,l7 + ug + u, + ...+ ulzusingsigma notation.
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Un = 2x3%7", n € Z% ¢ is teset V4
of o\l posttive Your notes
Cn\-.e.sers

WUst noy sigma  nokokion

12
Uz + Ug + ... + U = Z W
k=%

f(z x3%~')
k=F
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1.3.2 Arithmetic Sequences & Series

Arithmetic Sequences
What is an arithmetic sequence?

= |nanarithmetic sequence, the difference between consecutive termsin the sequence is constant
= This constant difference is known as the common difference, d, of the sequence
= Forexample, 1,4,7,10, ..is an arithmetic sequence with the rule ‘start at one and add three to each
number’
= Thefirstterm, u;, is1
= The commondifference, d,is 3
= Anarithmetic sequence can be increasing (positive common difference) or decreasing (negative
common difference)
= Eachterm of an arithmetic sequenceisreferred to by the letter u with a subscript determiningits
placeinthe sequence

How do I find a termin an arithmetic sequence?

= The n'"term formula for an arithmetic sequence is given as
un=u1+(n— 1)d

= Where Ll1 isthe first term, and d is the common difference

= Thisis givenin the formula booklet, you do not need to know how to derive it
= Entertheinformationyouhave into the formula and use your GDC to find the value of the term
= Sometimesyou will be given a term and asked to find the first term or the common difference
= Substitute the informationinto the formula and solve the equation
= You could use your GDC for this
= Sometimes you will be given two terms and asked to find both the first term and the common
difference
= Substitute the informationinto the formula and set up a system of linear equations
= Solve the simultaneous equations
= You could use your GDC for this

O ExaminerTip

= Simultaneous equations are often needed within arithmetic sequence questions, make sure you
are confident solving them with and without the GDC
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@ Worked example

The fourth term of an arithmetic sequence is 10 and the ninth termis 25, find the first term and the
common difference of the sequence.

UWe =10 , Wq =125

‘Focmw\a. Cor n™ tecn of
on orcibthmekic senes:

u\'\: \k\"'(ﬂ—‘)d\
Sube in Wy =10 ond WUq =25

We= Wi+ (4-V)d

U|+’3d. = |0

]

uq= \A_‘-k-(q-\)& U\l."'gi = 25

So\ve_ u&(ns G0C: ¢
lek W, =2 ond 0\=5

X+ 3y =10
x*gb = 25

x=1, &:3

W,

= |
=3
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Arithmetic Series
How do | find the sum of an arithmetic series?

= Anarithmetic seriesis the sum of the terms in an arithmetic sequence
= Forthearithmetic sequencel,4,7,10, .. the arithmetic seriesis1+4+7+10 + ...
= Use the following formulae to find the sum of the first n terms of the arithmetic series:

n n
SH=E(2L11+ (n—-1)d) ; SH=5(L11+ un)

u u1 is the first term

= disthe common difference

. LIH isthelastterm

= Bothformulae are giveninthe formula booklet, you do not need to know how to derive them
= You canuse whicheverformulais more convenient for a given question
= |fyouknow the first term and common difference use the first version
= |f youknow the first and last term then the second versionis easierto use
= Aquestionwill often give you the sum of a certain number of terms and ask you to find the value of the
first term or the common difference
= Substitute the informationinto the formula and solve the equation
= You could use your GDC for this

O Examiner Tip

= Theformulae youneed forarithmetic series are in the formula book, you do not need to remember
them
= Practice finding the formulae so that you can quickly locate themin the exam
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@ Worked example

4

Your notes
The sum of the first 10 terms of an arithmetic sequenceis 630.

a) Find the common difference, d, of the sequenceif the first termis 18.

Sie = 630

Focrula. for the sum of
on oribthmekic Ssenes:

Sn= F(2u, + (n-0d)

Sub in Sio =630, W, =18
Sw= 2 (2(%)+ (10-0d) = 630
5(36+ad)= 630

Solve: 36+ 9Ad = 126

9d = 40
d. =10

o = 10

b) Find the first term of the sequence if the common difference, d, is 1.
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Suwe in Sio =630, d.=1l ) ,
our notes
Sio= Jiq(z W, +(‘0‘l)(“)) = 630
5(2u,+ 99) = 630

126

Solve : Zu,+ 99

72U, = 2%

W, = 13.5
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1.3.3 Geometric Sequences & Series

Geometric Sequences

What is a geometric sequence?

In a geometric sequence, there isacommonratio, r, between consecutive terms in the sequence
= Forexample, 2,6,18,54,162, ...is a sequence with the rule ‘start at two and multiply each number by
three’
= The firstterm, uy, is 2
= The commonratio, r,is 3
A geometric sequence can be increasing (r> 1) or decreasing (O <r <1)
If the commonratiois a negative number the terms will alternate between positive and negative values
= Forexample,1,-4,16,-64,256, ..is asequence with the rule ‘start at one and multiply each number
by negative four’
= Thefirstterm, u;, is |
= The commonratio, r,is -4
Each term of a geometric sequence is referred to by the letter u with a subscript determiningits place
inthe sequence

How do | find a termin a geometric sequence?

The nth term formula for a geometric sequenceis given as

u =u rt-1
n 1

= Where ll1 is the first term, and I'is the commonratio

= Thisformula allows you to find any term in the geometric sequence

= |tisgiveninthe formulabooklet, you do not need to know how to derive it
Enter the information you have into the formula and use your GDC to find the value of the term
Sometimes you will be given a term and asked to find the first term or the commonratio

= Substitute the informationinto the formula and solve the equation

= You could use your GDC for this

Sometimes you will be given two or more consecutive terms and asked to find both the first term and
the commonratio

= Find the commonratio by dividing a term by the one before it

= Substitute this and one of the termsinto the formula to find the first term
Sometimes you may be given a term and the formula for the n' term and asked to find the value of n

= You can solve these using logarithms on your GDC
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O Examiner Tip /

. . ) ) ) Your notes
= Youwillsometimes need to use logarithms to answer geometric sequences questions

= Make sure you are confident doing this
= Practice using your GDC for different types of questions
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@ Worked example

The sixthterm, U

6 of ageometric sequenceis 486 and the seventhterm, U _,is 1458.

Find,

i)

the commonratio, I, of the sequence,
We = 4386
The.

, Uz = 1458

common rokio, r, (s given by

r=a Y2 _ Uz - | = U

W, WU UWn
Su&o w We = 486 Uz = 1458
ra Y42 = _l‘rss = 3

U 486

if) the first term of the sequence, lll.
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Focmuwla for n™ tecm of o Seame.’cric_ senes: ,
Your notes
n-1
Ur\ = U\\ r

Swe tin r=3 and eldney We= 486 or Uz = 1458
e = W()°® ' = 4385

Solve.: 243 W, g6
u =2

1]

u =2
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Geometric Series
How do | find the sum of a geometric series?

= Ageometric series is the sum of a certain number of terms in a geometric sequence
= Forthe geometric sequence 2, 6,18, 54, ... the geometric seriesis2+ 6 +18 + 54 + ...
= The following formulae will let you find the sum of the first n terms of a geometric series:

ul(r” -1) _ ul(l )

SH= -1 l1-r

u lllistheﬁrstterm
= T'isthe commonratio

= Bothformulae are givenin the formula booklet, you do not need to know how to derive them
= Youcanuse whichever formulais more convenient for a given question

= The first version of the formula is more convenientif I > 1 and the second is more convenient if

r<l
= Aquestionwill often give you the sum of a certain number of terms and ask you to find the value of the
first term, the commonratio, or the number of terms within the sequence
= Substitute the informationinto the formula and solve the equation
= You could use your GDC for this

O ExaminerTip

= The geometric series formulae are in the formulae booklet, you don't need to memorise them
= Make sure you canlocate them quickly in the formula booklet
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@ Worked example ,

Your notes

Ageometric sequencehas, = 25andr = (.8. Findthe value of U and SS'

1

W, =125 ) r=0¢%
Fo:mw\.o. Qor ™ tecmm of o 3?.ame_k:r§c_ senes:

n-1

Swo in W, =25, ra=o08
4
us = 25(0.8)" = lo.24
Focorula. for the sum of o Seamekric, senes:

Sr‘l.. = W, ((n - ") = W, (1 - (n)

=\ | =Y 5
r <!l so this

versiwon s
W, =25 r =08 eosier o wuse.

’

Suo n

Se = Wl-r%) _ 25(1 -02%) _ g4.04
= P | - 0.8

Us = 10.2.4
Ss = 3¢. 04
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Sum to Infinity
What is the sum to infinity of a geometric series?

= Ageometric sequence will eitherincrease or decrease away from zero or the terms will get
progressively closerto zero
= Termswill get closerto zero if the commonratio, r,is between1and -1
= |fthe terms are getting closerto zero then the series is said to converge
= This means that the sum of the series will approach a limiting value
= Asthe number of termsincrease, the sum of the terms will get closer to the limiting value

How do we calculate the sum to infinity?

= |f askedto find out if a geometric sequence converges find the value of r

" If|1‘| < 1 thenthesequence converges

. If|1‘| > 1 thenthe sequence does not converge and the sum to infinity cannot be calculated

« || <1 means—1 <r<1
1‘| < 1, thenthe geometric series converges to a finite value given by the formula
ul
S = , |r] <1
- r

|

= |f

u u1 is the first term

= ['isthe commonratio
= Thisisinthe formula book, you do not need torememberit

©O Examiner Tip

= | earnandrememberthe conditions for when a sum to infinity can be calculated
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@ Worked example

The first three terms of a geometric sequence are 6, 2, g Explain why the series converges and

find the sum to infinity.

7z
u|= 6, u-l: 2, u3= -§
Find the value of v: r = uTt'
U T = =
rzw‘ll = —6' = 3

Irl <1 so the sertes converges

W,
Find the sum %o in('{ni.t:ﬁ‘ Seo = |-¢
W b _ il
Seo ‘q
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1.3.4 Applications of Sequences & Series /

Your notes
Applications of Arithmetic Sequences & Series

Many real-life situations can be modelled using sequences and series, including but not limited to: patterns
made when tiling floors; seating people around a table; the rate of change of a population; the spread of a
virus and many more.

What do | need to know about applications of arithmetic sequences and series?

= |f aquantity is changing repeatedly by having a fixed amount added to or subtracted fromit then the
use of arithmetic sequences and arithmetic series is appropriate to model the situation
= |f asequence seems to fit the pattern of an arithmetic sequence it can be said to be modelled by
an arithmetic sequence
= The scenario can be modelled using the giveninformation and the formulae from the formula
booklet
= Acommon application of arithmetic sequences and series is simple interest
= Simpleinterestiswhen aninitial investmentis made and then a percentage of the initial investment
isadded to thisamount on aregular basis (usually peryear)
= Arithmetic sequences can be used to make estimations about how something will change in the future

O Examiner Tip

= Exam questions won't always tell you to use sequences and series methods, practice spotting
them by looking for clues in the question

= |fagivenamountisrepeated periodically thenitis likely the questionis on arithmetic sequences or
series
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@ Worked example ,

Your notes
Jasperis saving for anew car. He puts USD $100 into his savings account and then each month he puts

in USD $10 more than the month before. Jasper needs USD $1200 for the car. Assuming no interest is
added, find,

i) the amount Jasper has saved after four months,
\deni-.ic‘:j the  arighmetic Sequence :
lk‘ = |00 d_ = lO

J
After & wmonths Tosper will hove saved:

U, + Ut Uy + Ug =S

Focmula. for the sum of on oribhwekic senes:

Sn= F(2u, + (n-0d)
S¢ = (2w, +(4-Dd)
Sub (n W, =100 and d =10

S¢ = 2 (2(100)+ (+-1)(10))
= 2 (200 + 30)
2 (230)

S = $460

ii) the monthinwhich Jasper reaches his goal of USD $1200.
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Your notes

1200 = 5 (2(100) + (n-1)(0))

Solve using alggbraic Solver on G.0C:

vo= 8.67F.. or n=-2% 6% .
‘tO“va.ao.rd as N coannot

be ﬂE&a&ive :

58 < 1200
Sq > 1200 vreoches %\ in 9™ onth

Josper will veackh wusoD $1200
n the A" month.
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Applications of Geometric Sequences & Series

What do I need to know about applications of geometric sequences and series?

If a quantity is changing repeatedly by a fixed percentage, or by being multiplied repeatedly by a fixed
amount, then the use of geometric sequences and geometric series is appropriate to model the
situation
= |f asequence seems to fit the pattern of ageometric sequence it can be said to be modelled by a
geometric sequence
= The scenario can be modelled using the giveninformation and the formulae from the formula
booklet
A common application of geometric sequences and series is compound interest
= Compoundinterestis when aninitialinvestmentis made and theninterest is paid on the initial
amount and on the interest already earned on aregular basis (usually every year)
Geometric sequences can be used to make estimations about how something will change in the future
The questions won't always tell you to use sequences and series methods, so be prepared to spot
‘hidden’ sequences and series questions
= |Lookoutforquestions onsavings accounts, salaries, sales commissions, profits, population
growth and decay, spread of bacteria etc

© Examiner Tip

= Exam questions won't always tell you to use sequences and series methods, practice spotting
them by looking for clues in the question

= |fagivenamountis changing by a percentage or multiple thenitis likely the questionis on
geometric sequences or series
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@ Worked example

Anew virusis circulating on aremoteisland. On day one there were 10 people infected, with the
number of new infections increasing at arate of 40% per day.

a) Find the expected number of people newly infected on the 7t day.

\denti(‘tj ‘e 6e_om2kr{c. Segquence :

LL‘ = |0 2 = 1-‘-1-
RO 40/ wnerense so 407
of the clou\.ﬁ ve fore

New c(afections : U=z

n-1

Un = \-A-\ L3

Sue w, =10, r=14G

wg = 10(14)° = 75.29...

Expeckted number of new dafecktions = 35

b) Find the expected number of infected people after one week (7 days), assuming no one has
recoveredyet.
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Total cAfections: Sz

Focorula for the sum of o aeome.\-.—ric_ senes :

Sn=wﬁ_r7l so this

-1 . 5
Yevrsi\on g

eosier to wuse.
Sup (n w =10, r=L4

Sy = RULT-1) - 23883,
* Vb1

E€xpecked number of totol dafections = 239
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1.3.5 Compound Interest & Depreciation /

Your notes
Compound Interest
What is compound interest?

= [nterestis asmall percentage paid by abank orcompany thatis added on to aninitial investment
= [nterest canalsorefertoanamount paid onaloanordebt, however|B compoundinterest
questions will always refer to interest oninvestments
= Compound interestis where interest is paid on both the initialinvestment and any interest that has
already been paid
= Make sure you know the difference between compound interest and simple interest
= Simpleinterest paysinterest only on the initial investment
= Theinterest paid eachtime willincrease asitis a percentage of a higher number
= Compoundinterest will be paidininstalmentsin a given timeframe
= Theinterestrate, r, willbe perannum (peryear)
= This could be writtenr % p.a.
= Lookoutforphrases such as compounding annually (interest paid yearly) or compounding
monthly (interest paid monthly)

a
» If % p.a. (per annum)is paid compounding monthly, then —+ % will be paid each month

12

= The formula forcompound interest allows for this so you do not have to compensate
separately

How is compound interest calculated?

= The formulafor calculating compound interestis:

kn
FV=PVX (1 + 1001()

= Where
= FVisthe futurevalue
= PVisthe presentvalue
= nisthenumberof years
= kisthe numberof compounding periods peryear
= 1 %isthe nominal annual rate of interest
= Thisformulais givenin the formula booklet, you do not have to rememberit
= Be carefulwiththe kvalue
= Compounding annually meansk =1
= Compounding half-yearly means k =2
= Compounding quarterly means k =4
= Compounding monthly means k =12
= Your GDC will have a finance solver app on it which you can use to find the future value
= Thismay also be called the TVM (time value of money) solver
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= Youwillhave to enterthe information from the questioninto your calculator ,
= Beaware that many questions will be set up such that you will have to use the formula
= Soforcompoundinterest questionsitis betterto use the formula from your formula booklet than Your notes
your GDC

O Examiner Tip

= Your GDC will be able to solve some compound interest problems soitis a good idea to make sure
you are confident using it, however you must also familiarise yourself with the formula and make
sure you can finditin the formula booklet
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@ Worked example

Kiminvests MYR 2000 (Malaysian Ringgit) in an account that pays a nominal annual interest rate of
2.5% compounded monthly. Calculate the amount that Kim will have in her account after 5 years.

Compaund MEGJ‘ESE &)rmuko\ :

unterest voke
- en & number of years

FV =PV(|‘"ioon
Vi i

Future present Compo uﬂdinﬁ
volue value Periods

Subskiktuke wvolues (n:

PV = 2000 (initiol investment)
k=12 (C.Dmpoundin\g mov‘d:hl‘.b)
¥ = 28/

n =95 (number of dears)

(1zxS)

2:5
FV = 2000 (I +(i00)(l2))

= 22466.002...

FY = MYR 22%0 (3sf)
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Depreciation /
What is depreciation? Your notes

= Depreciationis when the value of something falls over time

= The most common examples of depreciation are the value of cars and technology

= |fthe depreciationis occurring at a constantrate thenitis compound depreciation
How is compound depreciation calculated?

= Theformulafor calculating compound depreciationis:
n

r
FV=PVX l—m

= Where
= FVisthe futurevalue
= PVisthe presentvalue
= nisthenumberof years
= r%istherate of depreciation
= Thisformulais not givenin the formula booklet, howeveritis almost the same as the formula for
compound interest but
= with a subtractioninstead of an addition
= thevalue of kwillalways be
= Your GDC could again be used to solve some compound depreciation questions, but watch out for
those which are set up such that you will have to use the formula

© Examiner Tip

= Youcanuseyour GDC's "Finance Solver" (Tl) or "Compound Interest" (Casio) feature to solve most
depreciation questions, by entering the interest rate as a negative value
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4

Your notes

@ Worked example
Kyle buys a new carfor AUD $14 999. The value of the car depreciates by 15% each year.

a) Find the value of the car after 5years.

Depreciokion formula : o
rote of depreciation

/
& number of years

Fv =PV(I"" 100 )

fukure present
value value

wn

Suweskitukre wvalues
14999 (intial cost)

Pv =
v = IS/
w =5 (numver of denr.s)

1S |5
FV = 14999 (|- 755°)

# 568518 v

FY = AUD $4660 (3s€)

Find the number of years and months it will take for the value of the carto be approximately AUD

b)
$9999.
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4

FV - PV ( = '02 )n Your notes
FVv = 9999

Pv = 14999

v = IS/

Suwbskitute wvolues (n:
) n

9999 = 14999 (1- 55 )

Use. CDC to solve :

2.49S...
» R En
2 gears 0.4a5™ of o year

L =

Converk to Years ond.  monkhs

Jd years 4+ 0.49S... %12 months

2 years ond & months

-~
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